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Buyer-seller (simple) assignment markets

The (simple) assignment market

@ Two disjoint and finite sets, B and S.
@ Each seller j € S has one indivisible object on sale.

@ Each buyer i € B wants to buy one object and values in a;; > 0 the
object of seller j.

@ Each agent has a reservation value:
aio > 0 for each i € B and apj > 0 for each j € S.

@ An assignment market is (B, S, a) where
a = (aij) (i,5)e(BU{0}) x (SU{0'})» With ago = 0.

e A matching u € M(B,S) is a partition of BU S in mixed-pair
coalitions and singletons.

e Given a market (B, S, a), a matching p is optimal if
> 7en 0T = D pe,p ar for all pf € M(B,S).
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Buyer-seller (simple) assignment markets

The (simple) assignment market

For the moment we assume a;o = ag; = 0...

o A payoff vector (u,v) € RE x RY is feasible for (B, S, a) if there
exists 1 € M(B, S) such that

o u; +v; = ay; if (’L,]) € W,
o u; = ajo if i € B unassigned and v; = ap; if j € S unassigned.

@ Then u is compatible with (u,v) and (u,v; u) is a feasible outcome.

@ A feasible outcome is stable for (B, S, a) if
° U; + U > Qi for all (’L,j) € B xS and
° u; > ao forall i € B and v; > ag; forall j € 5.

o It is well-known that if (u,v; ) is a stable outcome, then p is an
optimal matching.
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Buyer-seller (simple) assignment markets
The (simple) assignment game

Given an assignment market (B, S,a), the assignment game is (B U .S, wg)
where, for each T C BU S,

we(T) = max Z ajj.

HEM(BNT,SNT)
(4,5)En

@ The core of the assignment game is the set of stable payoff vectors
(Shapley and Shubik, 1972),

@ and it has a lattice structure with an optimal stable payoff vector for
each sector: (u(a),v(a)) and (u(a),v(a)).

e Demange (1982) and Leonard (1983): for each k € S,

vrla) = max o ( ]z): YT e MBS\ ( z);u i

e The fair division point (Thompson, 1981) is
() = 3 (a(a), v(@)) + 5 (u(a), 7(a).
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Buyer-seller (simple) assignment markets

An example
ul +v1 =6
1 2 Ul + v >5
1 6|5 The core is defined by Uy + vy > 2
2 2147 Uy +v9 =4
Ug Z 0, ’Uj Z 0.
U2
4
3
2
1
Uy
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Buyer-seller (simple) assignment markets

Allocation rules

Definition

Given a set of buyers B and a set of sellers S, an allocation rule ¢ maps
each valuation profile a € AB*S to a feasible outcome

eo(a) = (u(a),v(a); u(a)) for (B, S, a).

Definition

Given a set of buyers B and a set of sellers .S, an allocation rule ¢ is a
stable rule if for each valuation profile a € ABXS,

v(a) = (u(a),v(a); u(a)) is a stable outcome for (B, S, a).

Definition

Given a set of buyers B and a set of sellers S, a rule

¢(a) = (u(a),v(a); p(a)) such that (u(a),v(a)) = (u(a),v(a)) is a
sellers-optimal stable rule.

v
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Previous work and motivation

Motivation

In van den Brink, Nifiez and Robles (2021), regarding allocation rules for
buyer-seller markets, were interested in:

@ An axiomatic characterization of the buyers-optimal (and
sellers-optimal) stable rules by means of some montonicity property.

o In the ordinal setting (matching problems), Kojima and Manea (2010)
prove that among the stable allocation rules, the deferred acceptance
rule is the only one that satisfies weak Maskin monotonicity.

@ The compatibility between stability and some sort of monotonicity.
@ The compatibility between stability and some sort of fairness property.
@ An axiomatic characterization of the fair-division rules.
°

Until which extent these results can be extended to assignment
markets with multiple partnership.
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Previous work and motivation

Axioms for the buyers-optimal stable rules

Definition

Given a set of buyers B and a set of sellers S, an allocation rule

© = (u,v; p) satisfies buyer valuation monotonicity (BVM) if for all
a,a’ € AB*S and t € B such that a;j < ay; for all j € S and

ai; = a;; for all (i,7) € (B\ {t}) x S,

() € pla) N pa(a') = w(a') < ue(a).

Theorem

On the domain of assignment markets with set of buyers B and set of
sellers S, the buyers-optimal stable rules are the only stable rules that
satisfy BVM.
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Previous work and motivation

Another axiomatization for the buyers-optimal stable rules

Definition

On the domain of assignment markets with set of buyers B and set of
sellers S, an allocation rule ¢ = (u,v; i) is buyers strategy proof (BSP)
if it is no manipulable by any group of buyers B’ C B.

Theorem (Perez-Castrillo and Sotomayor, 2017)

On the domain of assignment markets with set of buyers B and set of
sellers S, the buyers-optimal stable rules are the only stable rules that are
BSP.
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Previous work and motivation

Pairwise monotonicity and the fair division rule

Definition

Given a set of buyers B and a set of sellers S, an allocation rule

¢ = (u,v; u) satisfies pairwise monotonicity (PM) if for all a,a’ € AP*S
such that aj; = a;; for all (i,j) € B x S\ {(¢,k)} and a};, < au,

u(a’) < ug(a) and vi(a') < vp(a).

@ The buyers-optimal rules (Ndfiez and Rafels, 2002),
@ the sellers-optimal rules,
@ the fair-division rules,

@ the Shapley value ...

are pairwise monotonic.
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Previous work and motivation

Valuation fairness

Definition

Given a set of buyers B and a set of sellers S, an allocation rule

¢ = (u,v; u) satisfies valuation fairness (VF) if for all a,a’ € AP*S and
(t,k) € B x S such that aj;, < ay and aj; = a;j for all B x S\ {(¢,k)},
then

ug(a’) — ur(a) = vi(a’) — vi(a).

@ van den Brink and Pintér (2015) characterize the Shapley value on
the class of assignment games by means of submarket efficiency and
valuation fairness.

@ But all stable rules are submarket efficient...

@ Hence, no stable rule satisfies VF.
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The multiple-partners assignment (job) market

The multiple-partners job market (Sotomayor, 1992)

o FF={f1,fo..., fm} asetof firmsand W = {wy,ws,...,w,} a set
of workers.

@ Each firm f; values in h;; > 0 being matched to worker w;, who has
a reservation value t; > 0.

o If firm f; hires worker wj, there is a net value a;; = max{h;; — t;,0}
to be shared.

@ Each firm f; may hire up to r; workers and each worker w; may work
for up to s; firms (capacities).

@ We add a dummy agent on each side of the market: fy and wp, with
a0 = ag;j = agg = O: F(]:FU{O} and W():WU{O}.

@ The multiple-partners job market is defined by (F, W, a,r, s).

@ When all agents in F'U W have capacity one, we have the Shapley
and Shubik assignment game (simple assignment game).
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The multiple-partners assignment (job) market

The multiple-partners assignment game

@ A matching is a subset of Fy x Wy such that each f; € F'is in exactly
r; pairs and each w; € W is in exactly s; pairs.
e A matching u € M(F,W,r,s) is optimal if

Z CLijZ Z aig, for all ,LL/EM(F,VV,T‘,S)
(firwj)ep (fiswj)en
@ A coalitional game (F' U W, w,) is defined, where, for all T'C F U W,

we(T) = max Z ajj.
HEM(FNT,WNT,r,s)
(fi,wj)Ep

@ An outcome is (u = (Uz’j)(fi,wj)ewv = (vij)(f“wj)eﬂ;,u)
@ An outcome (u,v; u) is feasible if for all (f;, w;) € p,
@ U + Vi = i, Uiy = G0, Vij = Aoy,
o if fl = f(), then Voj; = G0y, if wj; = W, then U0 = A50-
o A feasible outcome (u,v; u) is stable if for al (f;,w;) & p, then

wi + v > aq; for all (fi,wy) € pand (fi,w;) € p
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The multiple-partners assignment (job) market

Results in Sotomayor (1992, 1999, 2007)

@ The set of stable outcomes is non-empty.

o If (u,v;u) is a stable outcome and we define

UZ‘ = Z Usgj and ij = Z Vij,
(fiswj)ep (fi,wj)€p
then (U, V) is in the core of the coalitional game (F'U W, w,).

@ The set of stable outcomes is a lattice with a F-optimal stable
outcome (@, v; 1) and a W-optimal stable outcome (u,T; ).

Definition
A stable allocation rule is ¢ such that for all (F,W,a,r,s),
v(a) = (u(a),v(a); u(a)) is a stable outcome.
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Monotonicity and manipulability of the optimal stable rules
An example

F={fi,fa f3}, W= {wl,wz,wg}, r; = s; = 2 and

45 20 4
a= 5 3 1
3

@ Only one optimal matching that gives w,(F U W) = 36.
o We associate this with a simple assignment game (Sotomayor, 1992):

Fy = {f11, fi2, fo1, fa2, f31, fa2}, W = {w11, wia, war, waa, w31, w32}

45 45720 0|0 O
45 45|10 04 0
6= 5 010 01 1
0 00 3|1 1
0 23 3|00
0 03 3|0 2

ﬂlg(a) = ﬁll(d) =36 —17.5 = 18.5, ﬂlg(a) = ﬂlg(&) =36 —-32=4.
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Monotonicity and manipulability of the optimal stable rules

An example (continuation)

We increase a1 and the optimal matching is the same:

46 46120 0]0 0

46 4610 04 0

J = 4;)62,30?&_500011
_“3 “1 0 0|0 3|11
0 213 3[00

0 013 3|0 2

o Now, ﬂlg(a/) = ﬂu(a:) =36—176 =184 < ﬂlg(a)
e Since, u13(a’) = u12(a’) = 36 — 32 = 4 = uy3(a), when we consider
the total payoff of player fi we also get

Ui(a') =224 <225 =U4(a).
Fact
@ The firm-optimal stable rules are not firm-valuation monotonic.

@ The firm-optimal stable rules are not pairwise-monotonic.

Axioms for optimal stable rules and fair division rules in a multiple-partners job market Saint Etienne, April 2022 17 /25



Monotonicity and manipulability of the optimal stable rules

Firm covariance

Definition
A rule ¢ = (u,v; p) is firm-covariant (FC) if for all (F, W, a,r,s), all
fio € F and all ¢ > 0 such that
Q af ; = max{0,a;; —c} Vw; € W and af; = a;; Vfi € F\ {fi,},
Q c < ay; forall (fi,,w;) € pand p € My(F,W,r,s) and
Q M (FE,W,r,s) C Mge(F,W,r,s), then

Uioj(a®) = wiyj(a) — ¢ for all (fi,, w;) € p and u;j(a®) = u;i;(a) otherwise.

v

c<c*=min{c > 0| 3Ip € My (F,W,r,s)a§; =0 for some (f;, w;) € pu}
Theorem

1. The firm-optimal stable rule is the only stable rule that is firm-covariant.
2. The worker-optimal stable rule is the only stable rule that is
worker-covariant.

Corollary The firm-optimal stable rule is weak firm-valuation monotonic.
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Monotonicity and manipulability of the optimal stable rules

Manipulability of the optimal stable rules

The firm-optimal stable rule is manipulable:
Example (Pérez-Castrillo and Sotomayor, 2017):

F = {fl,fz}, T = 2, ro = 1, W = {wl,wg,wg}, S§1 — 892 = 83 = 1.
hl = (7,6,4), h2 = (8,6,3) and tl :tz = t3 =0

76 4 ) 71610
a= 8 6 3 a= 7104
8163

Ui(a) = (a12 — v19(a)) + (a13 — vy3(a)) = (6 — 1) + (4 = 0) = 9.
If f1 reports b} = (8,7,7), the optimal matching does not change and

Ui(d') = (a12 — v15(a’)) + (a13 — v13(a’)) = (6 — 0) + (4 — 0) = 10.
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Monotonicity and manipulability of the optimal stable rules

A weaker non-manipulability property

Definition

Let (F,W,r,s), a firm f;, € F' manipulates a rule ¢ = (v; ) by constantly
over-reporting its valuations if there exist valuations (h,¢) and ¢ > 0 such

that f;, gets a higher payoff at (v(R',t); u(h',t)) than at (v(h,t); u(h,t)),
where h;oj = hjyj + ¢ for all wj € W and h;j = h;j otherwise.

Fact
On the domain of multiple-partners job markets where all firm-worker pairs
are mutually acceptable (hi; > t; for all (f;,w;)),
@ No firm can manipulate the firm-optimal stable rule by constantly
over-reporting its valuations.
© No worker can manipulate the worker-optimal stable rule by
under-reporting his/her reservation value.
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Valuation fairness and the fair-division rules

The fair division rules

©" = (u”,v"; p) si a fair division rule if for all (f;, w;) € p,
. 1 1 . 1 1
u;(a) = iuij(a) + iﬂij(a) and v;(a) = 5”7&’(“) + 52@‘(@)-
Definition

A rule ¢ = (u,v; ) satisfies great valuation fairness (GVF) if for all
(F,W,a,r,s) and all ¢ > 0 such that

O af; = max{0,a;; —c} for all f; € F' and w; € W,
Q@ ¢ < ayj forall (fi,w;) € pand p € Mu(F,W,r,s) and
Q@ M (FE,W,r,s) C Mye(F,W,r,s), then

uij(ac) — uij(a) = vij(ac) — vij(a) for all (fi,wj) € u.
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Valuation fairness and the fair-division rules

The derived assignment game with multiple partnership

Definition

Let (F,W,a,r,s), i an optimal matching, T' = { fi,, wj, } with

(fig» wjy) € p such that a;yj, = a0 + aoj, and z = (u, v; u) stable.
The derived assignment market at T and z is (FT, W7 aT% rT sT):

T — { F\{fzo} if Tig = 1, WT _ { W\{wjo} if Sjo = 1,
F

otherwise w otherwise

al? = aij forall f; € FT, w; € WT,

ij
. Tz T
(i) apy = max{ako,arj, — vijo}, forall fr € F*,
.. T,z T
(i1) ap;” = max {aok, Gigk — Uiy;}» for all wy, € W+,
and riTO = —1if f;, € FT r T = 7}, otherwise,
SJTO = sj, — 1 if wj, € WT, sk = s otherwise.

4
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Valuation fairness and the fair-division rules

Axiomatization of the fair division rules

Definition

On the domain of multiple-partners job markets, a stable allocation rule ¢
is weak derived consistent (WDC) if for all (F,W,a,r,s) and all

T = {fi,w;} with (f;,w;) € p and a;; = a0 + aoj, it holds

() = 1\ {(Jiwy)} is optimal for (FT, W7, () /7, T),
(i3)  up(FT,WT, aTw0) ¢ T Ty =y (F, W, a,r,s) for all (fi,w;) € p
(i11) v (FT, WT a0 ¢ T sTY = v (F, W, a,r,s) for all (fr,w;) €

where o (F, W,a,r,s) = (u,v; 1).

Theorem

On the domain of multiple-partners job markets, the fair division rules are
the only stable rules that satisfy GVF and WDC.

4
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Valuation fairness and the fair-division rules

Further research

@ Not much is known about the core of the multiple-partners game:

e It is an open question the existence of an optimal core allocation for
each side of the market.

o It is known (Sotomayor, 2002, 2007) that a worst core allocation for
any side of the market may not exist.

@ This is why we focus on the set of (pairwise)-stable payoff vectors.
o Extreme stable payoff vectors could be analyzed.
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Thank you
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